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SECTION  1 


INTRODUCTION 


Planar  array  performance,  as  ultimately  demonstrated  by  antenna 
patterns,  is  most  simply  characterized  in  its  principal  planes. 
Patterns  are  shaped  in  each  principal  plane  to  separate  and 
independent  requirements.  Given  a  set  of  requirements,  the 
dimensions  and  illumination  taper  for  the  array  may  be  determined. 
However,  as  a  result  of  production  error  tolerances,  the  designer 
would  still  be  uncertain  of  the  actual  array  performances.  It  is 
shown  here  that  the  performance  is  nonetheless  predictable  in  a 
statistical  sense,  using  a  probability  function  that  is  associated 
with  the  design  and  fabrication  of  the  rows  and  columns  of  the 
array.  The  derivation  of  curves  that  relate  this  probability 
function  to  a  range  of  conditions,  overdesign  allowance  and 
production  tolerances,  is  the  salient  feature  of  this  paper. 

In  practice,  perfectly  accurate  amplitude  and  phase  control  on 
individual  array  elements  can  not  be  realized.  These  errors  in 
general  degrade  the  sidelobes  from  their  design  levels.  (Although 
changes  in  the  mainlobe  gain  and  pointing  angle  would  also  result 
from  the  errors,  this  paper  deals  with  sidelobe  degradation  only.) 
Random  circuit  errors  tend  to  add  an  average  "noise"  power  to  the 
theoretically  designed  peak  sidelobe  levels  [1].  The 
relationship  of  noise  power  to  element  errors  is  derived  in  appendix 
A  and  plotted  in  figure  1. 
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Si  delobes  in  all  space  are  seen  to  be  composed  of  two 
components:  a  design  level  that  is  mathematically  described  and  a 
residue  that  is  random.  Sidelobe  predictions  are  analogous  to  the 
predictions  of  signal-plus-noise,  as  first  analyzed  by  Rice  [2], 

The  Rician  probability  function  serves  as  a  mathematical  basis  for 
target  detection,  enabling  the  user  to  predict  threshold  crossings 
with  computed  probabilities,  such  as  target  detections  or  false 
alarms.  The  probability  of  a  signal  plus  noise  exceeding  a 
specified  threshold  is  analogous  to  the  likelihood  of  a  sidelobe 
exceeding  a  specified  level.  In  this  analogy,  correspondence  holds 
between  signal  and  sidelobe  design  value,  noise  and  a  random 
residue,  threshold  and  specified  peak  sidelobe.  The  Rician  function 
computational  process  is  given  in  appendix  B,  and  related  curves  are 
plotted  in  figures  3  and  4. 

Peak  sidelobe  statistical  predictability  provides  a  more 
meaningful  measure  for  assessing  vulnerability  to  sidelobe 
interference.  Since  the  peak  and  not  the  average  si  delobes  degrade 
performance,  the  probability  associated  with  peaks  is  a  better 
indicator. 

The  peak  probability  function  better  serves  the  user  in 
formulating  sidelobe  specifications  and  the  manufacturer  in  meeting 
the  specifications.  The  user,  mindful  of  the  statistical  behavior, 
can  moderate  the  specifications  to  allow  for  a  number  of  random 
"pop-ups"  and,  as  a  consequence,  to  better  adapt  the  specifications 
to  the  vulnerability  requirements.  The  contractor,  in  turn,  can 
decide  on  the  proper  choice  between  overdesign  and  tolerances  in  a 
measured  response  to  the  specified  performance.  The  contractor's 
decision  is  taken  from  a  wide  range  of  choices:  from  a  design  that 
is  close  to  specifications  and  that  keeps  tight  tolerances,  to  an 
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alternative  design  that  has  substantially  lower  sidelobes  and  that 
relaxes  the  tolerances.  For  the  same  probability,  the  decision  is 
dictated  by  the  relative  risks  and  costs  of  enlarging  the  array  as 
compared  with  the  risks  and  costs  of  maintaining  tight  tolerances. 
The  ultimate  decision  would  rest  on  the  contractor's  judgment. 
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SECTION  2 


AVERAGE  SIDELOBE  RESIDUE 

2.1  SIDELOBE  RESIDUE  EQUATION 

The  average  residue  power  in  the  si  delobes,  caused  by 
production  errors  in  the  fabrication  of  element  circuits,  is  assumed 
to  be  uniform  in  all  angle  space.  These  errors  would  be  random  and 
characterized  by  a  standard  deviation  in  amplitude  and  phase.  The 
average  residue  power,  normalized  to  the  array  gain  factor,  has  been 
derived  in  appendix  A  and  repeated  below. 
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S 


res 


2  +  -2 
P 


(1) 


O 

S  =  average  residue  power  normalized  to  the  array  gain 

res  factor 

P  =  rms  amplitude  ratio  error  (error/design  amplitude) 

0  =  rms  phase  error  in  radians 

g^  =  array  gain  factor  for  row  or  column  of  the  array 


In  figure  1,  plots  are  derived  from  equation  (1)  for  average 
residue  power  vs.  rms  errors  for  several  parametric  values  of  gain. 
The  curves  were  computed  separately  for  amplitude  and  phase  errors 
and  their  respective  powers  added  to  yield  the  net  residue.  They 
illustrate  the  relationship  of  residual  power,  gain,  and  error 
tolerances. 
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Figure  1.  Residual  Sidelobe  Function  of  Manufacturing  Tolerances 


2.2  CONCEPTUAL  EQUIVALENCE  TO  NOISE  MODULATION 


It  is  instructive  to  note  the  conceptual  equivalence  of 

si  delobe  power  as  given  in  equation  (1)  and  sideband  power  generated 

from  a  noise-like,  flat  modulation  band.  Let  the  power  density  in 

? 

the  modulation  band  be  denoted  m  and  the  incremental  power  in  the 

2 

frequency  interval  A f  within  the  band  as  m  Ai .  For  the  case  of 
small  signal  modulation,  a  pair  of  corresponding  sidebands  is 
produced  that  share  the  modulation  power,  each  sideband  being  equal 
to  m  (A f/2)  (carrier  amplitude  assumed  to  be  unity).  The  same 
sideband  power  relationship  holds  for  either  form  of  modulation, 
amplitude,  or  phase.  That  is,  if  we  designate  the  modulation  power 
P  A f  as  associated  with  amplitude  modulation  (AM)  and  <p  A f  as 
associated  with  phase  modulation  (PM),  then  the  sideband  power 
expressed  for  both  forms  in  the  general  case  is 


incremental  sideband  power  = 


2 


A  f 


(2) 


2 

P^  :  power  density  of  modulation  band  associated  with  AM 
:  power  density  of  modulation  band  associated  with  PM 
A  f  :  effective  noise  bandwidth  in  incremental  modulation 
power 

p4A  f  ,<f>*]Af :  rms  modulation  index  or  degree  of  modulation 

A  comparison  of  equations  (1)  and  (2)  leads  to  the 
rel ationship 


Af  =  2/gA  =A0  (3) 

By  analogy  withzlf,  A6  in  the  right-hand  side  of  equation  (3) 
may  be  interpreted  as  the  "effective  integration  angle"  of  si  delobe 
residue  power.  The  effective  angle  accordingly  defines  the  interval 
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of  taking  independent  samples  of  residue  in  angle  space.  Samples  of 
residue  less  than  AO  would  be  partially  correlated. 

The  relation  of  effective  angle  to  the  3  dB  beamwidth  may  be 
obtained  by  substituting  for  g^  in  (3)  the  equivalent  beamwidth 
(bw)  as  derived  in  appendix  A,  equation  (A. 14).  This  results  in 


AO  =  2  (bw)  (  s/A) /0.886 


(4) 


where  s/A  is  the  element  spacing  in  wavelengths.  For  example,  for 
half  wavelength  spacing,  AO  from  (4)  equates  to  1.13  (bw)  signifying 
that  the  two  are  approximately  equal . 

2.3  ON  ESTIMATING  SIDELOBE  RESIDUE  POWER 

A  hypothetical  example  is  taken  of  a  manufacturing  process  of 
an  array  involving  a  series  of  acceptance  tests.  At  each  test  point 
acceptance  limits  are  set  for  amplitude  and  phase.  Production  units 
that  measure  within  limits  are  unchanged,  otherwise  they  are 
replaced  with  acceptable  units.  Deviations  from  design  values  are 
assumed  to  be  uniform  within  the  set  limits.  The  processing  flow 
and  tabulated  data  are  given  in  table  1. 


kth 

element- 

radiator 


el  ement 
feed 


2  3 

element  _ ^.beamformer — ►  mth 

receiver  beam 
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Table  1 


Example  in  Manufacturing  Process  Tolerances 


Test  Point 

Acceptance  Limits 

rms 

amp,  dB  phase 

p 

<t> 

1 

+0.25  +2° 

0.0166 

.02 

2 

+  0.5  +  3° 

0.033 

.03 

3 

+1.0  +5.5° 

0.0665 

.0554 

net 

0.076 

0.066 

The  acceptance 

limits  in  dB  divided  by  8.686 

equate  to 

the 

fractional  error  acceptance  limits,  and  further  division  by  i/3 
yields  the  rms  fractional  error.  Thus  +  0.25  dB  amplitude 
acceptance  limits  are  equivalent  to  ^  0.0288  fractional  error  limits 
and  yield  an  rms  value  for  P  of  0.0166.  Also,  the  acceptance  limits 
in  phase  divided  by  ^3  yield  the  rms  phase  error,  which  is  listed  in 
radians.  The  net  values  were  computed  from  the  square  root  of  the 
sum  of  the  squares  in  the  respective  columns. 

From  equation  1,  the  residual  sidelobes  are  computed  for  the 
net  errors  derived  above,  and  for  an  assumed  directive  gain  of  the 
array  of  21  dB. 


?  (.076)2  +  (.066)2  , 

Sp  =  -  =  80.4  x  10"°  =  -41  dB  (5) 

K  126 
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The  residual  si  delobes  may  also  be  determined  from  figure  1. 
From  the  21  dB  gain  curve,  one  reads  minus  44.5  dB  at  3.8°  phase 
tolerance  (.066  radians)  and  minus  43  dB  at  .076  amplitude 

tolerance.  The  sum  of  these  power  contributions  is 

net  residue  =  10  log  (10”^’^  +  10  =  -  40.7  dB 

It  is  apparent  that  when  the  amplitude  and  phase  errors  are  equal 

the  net  residue  is  obtained  by  adding  3  dB  to  the  readings  of  either 
of  the  error  curves. 
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SECTION  3 


PREDICTABILITY  OF  SIDELOBE  PEAKS 


3.1  PROBABILITY  CURVES 

Si  delobe  variability  is  modeled  for  a  combination  of  design  and 
random  component  values.  The  design  component  is  mathematically 
described  in  all  space  and  the  values  are  "unfluctuating."  The 
random  component  is  assumed  Gaussian,  having  a  uniform  variance 
(average  power)  in  angle  space  when  taken  in  correlation  intervals 
of  approximately  the  three  dB  beamwidth  (see  equation  4).  The 
predictability  problem  is  modeled  identically  to  signal  (non¬ 
fluctuating)  and  noise,  analyzed  by  Rice,  and  follows  Rician 
probability  curves  of  the  form  given  in  equation  (6).  The 
computational  process  associated  with  equation  (6)  as  used  in  this 
report  is  given  in  appendix  B. 


(6) 


E  =  ensemble  of  design  plus  random  variable 
R  =  rms  random  component 
P  =  peak  design  component 

I  =  Bessel  function  of  zero  order,  imaginary  argument 

In  the  case  of  si  delobes,  there  are  three  parameters  of 
interest:  the  specified,  design  and  residual  values  (see  figure  2). 
The  specified  is  dictated  by  the  user's  requirements  and  sets  a 
bound  for  si  delobe  peaks.  The  design  or  theoretical  values  combine 
randomly  with  the  residue  component  into  a  composite  sidelobe 
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Figure  2.  Sidelobe  Pattern  Parameters 


variable.  Various  combinations  of  the  three  parameters  yield 
corresponding  probabilities:  the  probability  that  the  composite 
si  delobe  does  not  exceed  the  specification. 

In  figure  3,  the  parameters  relate  to  the  residual  component; 
the  probability  is  plotted  against  varying  specifications  for 
parametric  values  of  design  ratios.  In  figure  4,  the  parameters 
relate  to  the  specified  level;  the  curves  illustrate  the 
sensitivities  of  the  design  and  residual  ratios  for  given 
probabilities. 

In  these  plots,  it  becomes  apparent  that  there  are  trade-offs 
between  the  residual  and  design  components  in  achieving  a  given 
probability.  For  example,  taking  the  case  of  0.9  probability, 
figure  4  covers  the  range  of  trade-offs  for  ratio  pairs  (residual, 
design)  from  (15  dB,  2.5  dB)  to  (8  dB,  11  dB) .  In  choosing  the 
former  pair,  a  relatively  tight  tolerance  is  maintained  that  allows 
for  an  "overdesign"  of  only  2.5  dB.  In  choosing  the  latter  pair, 
the  tolerance  is  relaxed  (in  the  equivalence  of  7  dB)  but  calls  for 
an  overdesign  of  11  dB  (a  change  of  8.5  dB) . 

An  optimum  choice  in  minimizing  costs  and  risks  would  primarily 
depend  on  estimations  of  their  respective  sensitivities  to  both 
overdesign  and  change  in  tolerance.  The  choice  would  be 
independently  exercised  for  various  array  configurations,  the 
radiating  elements,  and  feed  distributions,  as  well  as  for 
differences  in  row  and  column  designs.  The  curves  in  figures  3  and 
4,  however,  offer  the  contractor  a  guide  to  making  the  desirable 
choice. 
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Figure  3.  Probability  Function  Not  to  Exceed  Specified  Si  delobes 
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In  figure  4  it  is  interesting  to  note  the  region  on  the 
probability  curves  having  a  minus  one  slope.  In  the  minus  one  slope 
region,  dBs  in  design  changes  trade  for  equal  dBs  in  residual 
changes.  For  the  case  when  cost  and  risk  sensitivities  are 
comparable,  the  coordinate  pairs  in  the  minus  one  region  would  be 
optimum.  As  seen  from  figure  4,  this  region  allows  for  a  wide  range 
of  choices. 

3.2  ON  SIDELOBE  SPECIFICATIONS 

Si  delobe  performance  is  more  effectively  specified  when 
si  delobes  are  moderated  to  allow  for  statistical  "pop-ups." 

Sidelobe  levels  can  then  be  better  responsive  to  the  requirements. 

By  analogy,  the  probability  of  detection  p,  referred  to  in  radar 
detection  specifications,  allows  for  a  number  of  statistical 
"misses"  equal  to  1  -  p.  The  specified  target  size  and  range 
then  respond  better  to  mission  requirements  than  had  detection 
specifications  not  allowed  any  misses.  In  the  latter  case,  the 
contractor's  "actual"  choice  of  probability  of  detection  would  be 
irrel evant. 

Near  broadside,  the  angle  interval  of  cyclic  recurrence  of 
design  peaks,  approximately  the  3  dB  beamwidth,  is  also  the 
approximate  interval  of  independent  residue  samples  (see  equation 
4).  Therefore  each  such  interval  offers  an  independent  possibility 
of  exceeding  the  specified  threshold,  with  a  probability  that  varies 
with  the  design  peak  and  residue  components. 

Assume  the  use  of  an  efficient  illumination  function,  as  with  a 
Taylor  taper  that  has  equal  sidelobe  peaks  in  the  near- in  region. 

As  the  residue  power  is  equally  distributed,  the  probability  of  not 
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exceeding  the  specified  threshold  in  that  region  stays  the  same. 

Let  PQ  denote  the  probability  and  let  N  be  the  number  of  independent 
intervals  in  that  region,  then  from  the  binomial  distribution  we  get 

k 

prob  (pop-ups  1  k)  =  £  cJJ  P  N'n  (1-P  )n  (7) 

n=o 

where 


CN  =  N!/n! (N-n) ! 
n 


is  the  combination  of  N  things  taken  n  at  a  time.  For  example,  when 
N  equals  10  and  PQ  equals  0.9,  equation  (7)  assumes  the  following 
tabulated  values 


Table  2 

Example  of  Probability  of  Pop-ups 
k  prob  (pop-ups  <  k) 


0 

1 

2 

3 


.349 

.736 

.93 

.987 


Beyond  the  near- in  si  delobe  region,  the  performance  may  be 
expected  to  be  as  good  or  better  than  the  near-in  region,  primarily 
due  to  progressively  smaller  peak  values. 

In  order  to  ensure  the  user  against  the  occurrence  of  severe 
pop-ups  due  to  grating  lobes,  a  cap  on  pop-up  extremes  may  be 
specified.  The  cap  level  need  only  relax  by  3  to  6  dB  with  respect 
to  the  pop-up  specification  level  and  the  probability  of  exceeding 
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the  cap  level  becomes  exceeding  small.  One  may  therefore  specify 
the  cap  level  as  "never"  to  be  exceeded  with  reasonable  confidence 
for  success. 
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SECTION  4 


SUMMARY 


Statistical  predictions  of  sidelobe  performance  have  been 
derived  on  the  basis  of  the  Rician  probability  function  as  it 
relates  to  three  pattern  parameters:  the  specified,  design  and 
residual.  Probability  curves  have  been  generated  for  a  wide  range 
of  parametric  ratios  as  the  probability  that  the  composite  of  design 
and  residual  components  of  the  sidelobe  does  not  exceed  the 
specification. 

The  design  component  is  mathematically  described  in  all  angle 
space  and  its  value  is  unfluctuating.  The  residual  adds  a  random 
component  to  the  sidelobes,  assumed  to  be  Gaussian  and  having  a 
uniform  variance  in  angle  space. 

The  residual  component  is  caused  by  random  production  errors  in 
the  fabrication  of  element  circuits,  characterized  by  a  standard 
deviation  in  amplitude  and  phase.  Correlated  production  errors  are 
not  included  in  this  analysis  as  such  errors  are  conceivably 
possible  to  compensate  in  some  systematic  manner.  The  average 
residue  power  as  a  function  of  random  production  errors  is  given  in 
equation  (A. 7)  as  normalized  to  the  array  gain  factor. 

The  array  gain  factor  as  given  in  equation  (A.8)  is  computed 
from  the  taper  sequence  function.  The  taper  sequence,  involving  the 
amplitude  distribution  and  number  of  elements,  determines  the  design 
sidelobe  peak  values.  For  both  the  design  and  residual  sidelobe 
components  the  basic  normalization  factor  is  therefore  associated 
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with  the  array  gain  factor.  The  element  gain  is  basically 
irrelevant  in  the  analysis  of  either  the  design  or  residual 
si  delobes. 

However,  in  antenna  gain  and  pattern  measurements,  the 
operative  gain  is  the  directive  gain,  i.e.,  the  gain  resulting  from 
the  product  of  array  and  element  gain  factors.  Furthermore, 
sidelobe  specifications  are  implicitly  made  with  reference  to 
directive  gain  and  verified  from  pattern  measurements.  When  the 
design  and  residue  components  of  sidelobes  are  observed  in  pattern 
measurements,  the  element  gain  must  be  factored  in  the  readings  as 
given  in  equation  ( A. 11 ) . 

The  probability  function  curves  may  serve  the  user  in 
formulating  more  effective  specifications  that  better  respond  to  the 
user's  requirements.  The  curves  also  offer  guidelines  to  the 
contractor  in  the  trade-off  between  overdesign  and  tolerance  limits. 
When  the  cost/risks  sensitivities  are  considered  against  incremental 
changes  in  design  and  tolerance  limits,  an  optimum  choice  may  be 
derived  for  a  wide  choice  of  performance  objectives. 
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APPENDIX  A 


DERIVATION  OF  SIDELOBE  RESIDUE  NORMALIZED  TO  ARRAY  GAIN  FACTOR 


A. 1  ANALYSIS  OF  PATTERN  RESIDUE 


The  normalized  pattern  equation  of  a  linear  array  of  N  elements 


having  a  taper  function  sequence  |An 


i  s 


N  N 

S  =  Z  A  exp  ( ini//)/  E  A  (A.l) 

n=l  n  n=l  n 


An  =  design  amplitude  of  the  nth  element 

rp  =  2 7T ( s/  X )  (sin#  -  sin  $^) 

s/X  =  element  spacing  in  wavelength 

=  beam  pointing  angle 
$  =  pattern  angle 


With  element  errors  in  amplitude  and  phase,  the  perturbed 
pattern  may  be  expressed 


S'  =  Z  anAn  exp  (in^+  i^)^ i:  An  (A. 2) 

a„A  =  actual  amplitude  of  the  nth  element  having  error  factor  a 
n  n  n 

</>n  =  phase  error  of  the  nth  element 

The  residue  pattern,  defined  as  the  difference  between  the 
ideal  and  perturbed  patterns,  becomes 


res 


S'  -  S  =  £  (an  e1(^n  -  1)  Ap  exp  (in^^/zAn  (A. 3) 
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The  residue  power  pattern,  the  product  of  Sre$  and  its  complex 
conjugate,  when  averaged  over  many  patterns  becomes 


res 


S  x  S* 
>es  ^  res 


(A. 4) 


=  EAn  [fancos.ftn  -  1)  *  ian  n  *  £  A,,  [lyos^-l)  -la„  slnjj 

In  equation  (A. 4),  we  leti//=  0  without  loss  of  generality, 
since  the  mean  residue  is  independent  of  pattern  angle.  In  order  to 
reduce  the  expression  in  (A. 4)  the  following  assumptions  are  made: 

The  errors  are  unbiased,  i.e.,  ~aK  -  1  and  <f>K  =  0. 

Consequently,  terms  in  (A. 4)  involving  (aK  cos<f>k  -1)  and  sin<^are 
as  likely  to  be  positive  as  negative  and  will  be  independent  for 
each  k.  From  the  above  assumptions,  terms  in  the  expansion  of  (A. 4) 
equate  to  the  following: 


(an  cos<£n-l)  (am  cos^-l)  = 


(an  cos^-l)  ,  m  =  n 
0,  m  f  n 


an  sin<^  am  sin0m 


2  ~7 

a„  S111^ 
n  n 

0,  m  +  n 


m  =  n 


(an  cos0n-l)  am  sir^m  =  0 
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The  expansion  of  (A. 4)  may  now  be  reduced  as 


i?  _  2  2 

Sres|  "  EA2  [(ancos0n-l)  +  a2  sin  0n] 

Since  the  average  of  the  sum  equals  the  sum  of  the  average,  the 
numerator  in  the  right-hand  side  of  (A. 5)  equates  to 


(A. 5) 


- T~ 

[(ancos0n~l)  + 


2 

sin.0  ] 


Factoring  the  Ans  out  of  the  average  process,  since  the  set  of  Ans 
is  design  coefficients  and  invariant  in  the  averages,  we  get 


EA2  [( ancos0  n~l  )2  +  a2  sin20n]  =  [(acos0-l)  2+  a2sin20]EA2 


The  dropping  of  the  subscript  n  in  the  right-hand  side  of  the 
equation  above  is  consistent  with  having  equal  averages  for  all  n. 
The  bracketed  terms  are  therefore  factored  out  of  the  summation. 
Substitution  of  the  above  expression  in  (A. 5)  yields 


res 


-  ✓  — 

=  (  acos 0  -1 )  +  a  sin  </>, 


[(EAp)2/  (EA2)]  (A. 6) 


Further  simplifications  may  be  made  by  taking  small  angle 
approximations 


si n0«  0,  cos  0 ~  1 
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and  substituting  for  the  factor  (a-1)  the  parameter  (amplitude 
ratio  error), 


P  =  amplitude  error/designed  value  =  (a-l)An  A 


Equation  (A. 6)  now  becomes  (neglecting  higher  order  cross  product 
terms) 


(A. 7) 


The  denominator  in  (A. 7)  is  recognized  as  the  array  gain  factor 
which  will  be  designated  g^  for  either  row  or  column. 


gfl  ■  (Sa/zeA* 


(A. 8) 


It  is  noted  that  g^  is  determined  by  the  taper  sequence  |An|,  and 
that  its  value  is  invariant  with  frequency,  scan  angle,  or  element 
spacing  as  long  as  the  taper  sequence  is  maintained.  In  the 
determination  of  g^,  the  elements  are  assumed  to  be  isotropic. 

The  element  gain  [6],  designated  as  g^,  is  the  actual  element 
gain  taken  in  the  array  in  the  presence  of  other  elements  and  taking 
into  account  all  coupling  effects.  An  estimate  of  element  gain  of  a 
perfectly  matched  array  may  be  expressed  as 


gE(0)  =  4  7rAE  cos  6/k2 


(A. 9) 
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where  A£  is  the  effective  element  aperture  area  and  0  is  the  scan 
angle.  At  boresight,  the  element  gain  for  half  wavelength  spacing 
of  rows  and  columns  is  approximately  5  dB  as  computed  from  (A. 9) 
(academically,  the  elements  may  be  isotropic  radiators!). 

In  antenna  gain  or  pattern  measurements,  the  operative  gain 
(assuming  a  perfectly  matched  and  lossless  array)  is  the  directive 
gain  of  the  row  or  column,  g^,  associated  with  the  principal  plane 
of  investigation.  The  directive  gain  is  the  product  of  array  and 
element  gain  factors. 


9D 


9a9e 


(A. 10) 


It  follows  from  equations  (A. 9)  and  (A. 10)  that  changes  in  frequency, 
element  spacing  or  scan  angle  will  vary  gQ  proportionally  to  g^. 

When  sidelobe  residue  is  observed  in  pattern  measurements, 
where  normalization  is  performed  with  respect  to  directive  gain,  the 
sidelobe  level  is  expressed,  in  accordance  with  equations  (A. 7), 

(A. 8)  and  (A. 10)  as 

residue  (normalized  to  gQ)  =  | ~(p^  +  )/gDJg^.  (A.  11) 

In  the  near-in  sidelobe  region,  where  g^  is  nearly  constant  at 
its  maximum,  the  mean  measured  residue  scales  down  effectively  from 
gA  as  given  in  equation  (A. 7).  Accordingly,  the  residue  is 
invariant  with  changes  in  frequency  or  element  spacing.  However, 
the  residue  measurements  track  the  gain  roll-off  of  g^  and  will  vary 
accordingly  with  large  pattern  angles. 
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A. 2  EQUIVALENCE  BETWEEN  ARRAY  GAIN  FACTOR  AND  3  DB  BEAMWIDTH 


It  is  instructive  to  derive  the  equivalence  between  gain  as 
given  in  (A. 8)  and  the  3  dB  beamwidth.  The  derivation  that  follows 
is  based  on  the  assumption  that,  relative  to  a  uniformly  illuminated 
array,  a  tapered  array's  beamwidth  increases  with  taper 
inefficiency,  i.e., 


(A. 12) 


(bw)  =  3  dB  beamwidth  of  tapered  array 

b^  =  3  dB  beamwidth  of  uniform  illuminated  array 

eff  =  illumination  efficiency  (or  taper  losses) 

Ns  =  aperture  distance  in  wavelength  (or  N  times  the  element 
spaci ng) 

X  =  wavelength 

It  is  noted  that  the  array  gain  factor  for  a  uniformly 
illuminated  array  of  N  elements  is  from  (A. 8)  equal  to  N.  Hence  the 
illumination  efficiency  may  be  expressed  as  the  ratio 


(A. 13) 


gA  =  N(eff) 
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Substitution  of  gA  for  N(eff)  in  (A. 14),  results  in 
(bw)  =  .886/(s/A)gA 


(A. 14) 


It  is  interesting  to  note  the  beamwidth  dependency  on  the  array 
gain  factor  (element  gain  factor  is  irrelevant  to  the  determination 
of  beamwidth).  It  is  recalled  that  gA  via  the  taper  sequence  as 
given  in  (A. 8)  relates  to  the  sidelobe  level.  When  the  number  of 

array  elements  stays  the  same,  g/\  tends  to  decrease  with  lower 
sidelobe  designed  levels.  In  order  to  lower  the  designed  levels  and 
maintain  a  constant  beamwidth,  it  becomes  necessary  to  increase  the 
number  of  elements.  An  increase  in  the  number  of  elements,  having 
the  same  element  spacing,  leads  to  a  proportional  increase  in  the 
aperture  area.  Consequently,  taper  design  changes  for  improved 
sidelobe  performance  are  accompanied  by  an  increase  in  aperture 
size. 
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APPENDIX  B 


DERIVATION  OF  PEAK  SIDELOBE  PROBABILITY  CURVES 


B.l  APPROXIMATION  TO  RICE'S  PROBABILITY  FUNCTION 

Rice's  probability  density  function  in  its  original  form  [2]  is 


p ( E/N )  =  (E/N2)  exp  [- (E2  +  P2)/2N2]  IQ(EP/N2)  (B.l) 


N  =  rms  noise 

E  =  envelope  of  signal  plus  noise,  variable 

P  =  signal  amplitude 

IQ  =  Bessel  function  of  zero  order,  imaginary  argument 

The  probability  of  E/N  not  to  exceed  a  given  threshold  T/N 
(normalized)  is  expressed  as 


T/N 


p( E/N )  dE 


(B.2 ) 


An  approximation  of  (B.2)  is  given  by  North  [3]  as 


prob  (E/N  £  T/N)  a  (1  -  erfx)/2 


(B.3) 


where 


erfx  = 


(B  .4 ) 


and 


2 


(B.5) 
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Values  for  the  error  function  of  x,  erfx,  may  be  found  in 
tables  [5]  or  solved  directly  from  (B.4).  One  solution  of  (B.4)  is 
the  following  series  expansion  [5]. 


erfx  =  (2x//7r)  ^  ( -1 ) n  x2n/[n!(2n  +1)]  (B.6) 

n=o 

In  computations  made  in  this  paper,  the  first  eight  terms  of 
the  series  expansion  of  (B.6)  were  included  in  the  evaluation  of 
erfx. 


B.2  COMPUTATIONAL  PROCESS  IN  FIGURE  3  PLOTS 

In  the  generation  of  plots  in  figure  3,  the  computational 
process  was  carried  out  in  the  following  manner: 

1.  Figure  3  plots  the  probability  (equation  B.3)  for  a  run  of 
the  variable  T/N  (1  to  16  dB  in  steps  of  0.5  dB)  for  parametric 

val  ues  of  P/N  ratios  . 

2.  For  each  run,  x  computes  from  equation  (B.5)  for  each  pair 
(P/N,  T/N),  then  erfx  computes  from  equation  (B.6)  and  prob  (E/N  < 
T/N)  computes  from  equation  (B.3). 

3.  A  correspondence  is  made  between  signal  and  si  delobe 
parameters  as  follows: 

N  —  rms  residual  si  delobes 
P  -  —  si  del obe  peak  design  value 
T  *  -  si  del  obe  specified  level 
E  — — -  design  plus  random  residual  variable 
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B.3  COMPUTATIONAL  PROCESS  IN  FIGURE  4  PLOTS 


In  the  generation  of  the  plot  in  figure  4,  the  following 
computational  process  was  performed: 

1.  The  probability  assumes  parametric  values  of  0.85,  0.875, 
0.9,  0.925,  0.95  and  respective  values  of  erfx  compute  from  equation 
(B.3). 


2.  From  table  of  erfx,  values  of  x  for  respective  erfx  are 
obtained. 

3.  For  each  x,  T/N  is  set  to  run  from  5  to  15  dB  in  small 
increments,  and  P/N  is  computed  vs.  T/N  from  equation  (B.5). 

4.  For  each  pair  (P/N,  T/N)  in  item  3  above,  the  ratio  is  derived 

T/P  =  (T/N ) /(P/N )  ( B  .7 ) 

T/P  relates  to  specified/design  ratio. 

5.  Figure  4  plots  T/N  vs.  T/P  for  the  parametric  values  of 
the  probability  given  in  item  1  above. 
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